Knowing the (geometric) covariogram of a convex body is equivalent to knowing, for each direction u, the distribution of the lengths of the chords of that body which are parallel to u. We prove that the covariogram determines convex polygons, among all convex bodies, up to translation and reflection. This gives a partial answer to a problem posed by Matheron.
Introduction
Let K be a convex body in R n . (See Section 2 for all unexplained definitions and notation.) The covariogram g K (x) of K is the function g K (x) = V (K ∩ (K + x)), where x ∈ R n and V denotes volume in R n . The covariogram is clearly unchanged by a translation or a reflection. (The term reflection will always means reflection in a point.) This note is motivated by the following problem, posed by Matheron (compare [6, p. 86] and [7] ): Does the covariogram determine a convex body, among all convex bodies, up to translation and reflection?
The same problem was posed independently in the context of probability theory. Adler and Pyke [1] asked whether the distribution of the difference X − Y of two independent random variables X, Y that are uniformly distributed over K determines K up to translation and reflection. Since it is easily proved that
and this convolution is, up to a multiplicative factor, the probability density of X − Y , this problem is equivalent to the previous one. Knowing the covariogram of K is equivalent to knowing, for each direction u, the distribution of the lengths of the chords of K parallel to u. The related problem of whether the distribution of the lengths of all chords, without the information on the directions of the chords, characterizes a set has received some negative answers by Mallows and Clark [8] .
The covariogram problem also arises in Fourier analysis. A problem of great relevance in many applications is the phase retrieval problem, which involves determining a function f with compact support in R n from the modulus of its Fourier transform f ; see [5] for a survey. Taking Fourier transforms in (1) and using the relation
Thus the phase retrieval problem reduces to the covariogram problem when f is the characteristic function of a convex body. See also [3] , [4] and [9] for other related problems.
A first contribution to the question posed by Matheron was made in 1993 by Nagel [9] , [10] , who gave a positive answer when K is a planar convex polygon. More recently the present author, Segala and Volčič [2] have confirmed that if K is a planar convex body whose boundary is C 2 + (i.e., C 2 with strictly positive curvature), then K is determined, among all convex bodies, by its covariogram (up to translation and reflection). In the present paper we shall provide a new and much shorter proof of Nagel's result concerning polygons. Note that the complete version of Nagel's proof can be found in [10] and occupies 28 pages.
Definitions, Notation and Preliminaries
As usual, S n−1 denotes the unit sphere and o the origin in Euclidean n-space R n . The Euclidean norm is written · . If u ∈ S n−1 , we denote by u ⊥ the (n − 1)-dimensional subspace orthogonal to u and by l u the line through the origin parallel to u. We write [x, y] for the line segment with endpoints x and y.
If A is a set, we denote by int A and ∂A the interior and boundary of A, respectively. The characteristic function of A is denoted by 1 A . The reflection of A in the origin is −A.
A convex body is a compact convex set with nonempty interior. If K is a kdimensional convex body in R n , we denote its volume, that is, its k-dimensional Lebesgue measure, by V (K). The difference body DK of K is defined by
For the remainder of the paper, K will denote a planar convex polygon. If x is a vertex of K, the normal cone of K at x is denoted by N K (x) and is the set of all outer normal vectors to K at x, together with o. Let u ∈ S 1 , and let F K (u) be the set of points in ∂K with u as a unit outer normal vector. Then F K (u) is either an edge of K or a vertex of K.
It has long been known, and is easy to see, that DK is the support of g K . Moreover, for all u ∈ S 1 , we have
Therefore the lengths of the edges of DK determine the sums of the lengths of parallel (possibly degenerate) edges of K. This fact was also observed and used by Nagel.
Matheron [6, p. 86] himself noted that
where r > 0, u ∈ S n−1 , and
This implies that g K determines for each r > 0 the maximal distance between two parallel chords of K of length r (if these exist).
We remark that two centrally symmetric convex bodies with the same covariogram coincide, up to translation. This is a consequence of the fact that their difference bodies coincide.
Determining opposite edges and angles
Let u ∈ S 1 . The curvature information at u of a planar convex polygon K consists of (i) the length of
Lemma 3.1. If K is a planar convex polygon, then g K determines the curvature information of K for each u, up to reflection in the origin.
Proof. Let u ∈ S 1 . As we noted above, there is an edge of K orthogonal to u if and only if there is an edge of the support DK of g K with outer normal u. We consider two cases.
Case 1.
There is an edge of K orthogonal to u.
Let x be the midpoint of F DK (u). For sufficiently small ε > 0, let x ε be the point on [0, x] at distance ε from F DK (u). Then it is easy to see that, again for sufficiently small ε > 0, we have
(This corresponds to translating K so that the translated midpoint of F K (−u) is close to the midpoint of F K (u).) Suppose that both F K (u) and F K (−u) are edges of K. Letting ε → 0 in (3), we obtain the minimum of the lengths of these edges of K. Since the sum of these lengths is already determined, as we noted above, the pair
is an edge and F K (−u) is a vertex, v, say. We can detect that this is the case from g K since V (F K (−u)) = 0 implies g K (x ε ) = o(ε) in (3). The length of F K (u) is determined, since it equals the length of F DK (u) = [x 1 , x 2 ], say. Let the edges E 1 and E 2 of K containing v be contained in lines l 1 and l 2 , and let the labelling and the point y be such that x i ∈ l i + y, i = 1, 2 and y ∈ DK. For sufficiently small ε, let m ε be a line parallel to [x 1 , x 2 ] and meeting int DK at a distance ε from [x 1 , x 2 ]. For all x ∈ m ε contained in the triangle bounded by [x 1 , x 2 ], l 1 + y and l 2 + y, g K (x) has the same value, but for x ∈ m ε outside this triangle, g K (x) is less than this value. Therefore the directions of the lines l 1 and l 2 can be determined. This yields the outer normals of the edges E 1 and E 2 and hence the normal cone N K (v) at v. We have obtained the curvature information of K, up to reflection, in this case.
Case 2. There is no edge of K orthogonal to u.
In this case both F K (u) and F K (−u) are vertices, v 1 and v 2 , say, respectively. If there is a w = u ∈ S 1 such that F K (w) is v 1 and F K (−w) is an edge, then N K (v 1 ) is determined by the argument in Case 1, and similarly for N K (v 2 ). If both N K (v 1 ) and N K (v 2 ) are determined in this fashion the proof is concluded. Suppose that one of the cones, N K (v 1 ), say, is determined in this fashion, while the other, N K (v 2 ), is not, i.e., for all w ∈ S 1 , it is not the case that F K (w) is v 2 and F K (−w) is an edge. Then
we have
is also determined. The remaining possibility is that for all w ∈ S 1 , it is neither the case that F K (w) is v 1 and
, and both cones can be determined by (4).
Remark 3.1. Let K and L be convex polygons such that g K = g L and let w ∈ S 1 . Lemma 3.1 and the identity DK = DL imply that, after possibly a translation and a reflection, 
. Let us assume that there exists a nonempty arc U ⊂ S 1 such that
and assume that U is maximal with respect to this property. Let A (and B) be the maximal closed arc contained in ∂K ∩ ∂L that contains G(U ) (and G(−U ), respectively). Then either A or B are points, or A and B are parallel line segments, or A is a reflection of B.
Proof. Since K = ±L + τ neither A nor B coincides with ∂K: let us suppose these arcs are not degenerate and let a 1 and a 2 (and b 1 and b 2 ) be respectively the left and right endpoint of the arc A (and B, respectively), in counterclockwise order in ∂K. We claim that if u 1 denotes the left endpoint of U in counterclockwise order on S 1 , then
Let us prove for instance that u 1 ∈ N K (a 1 ): we do this arguing by contradiction. Since A is closed
is contained in the relative interior of A. This implies that the set of the w ∈ S 1 which, in counterclockwise order, strictly precede u 1 and strictly follow any v ∈ N K (a 1 ) is nonempty. Let w be in that set or let w = u 1 . Since w / ∈ N K (a 1 ) then F K (w) is contained in the relative interior of A. Since ∂L and ∂K coincide in A then F K (w) = F L (w). Due to Lemma 3.1 and DK = DL (see Remark 3.1) the same equality holds for −w. This contradicts the maximality of U and concludes the proof of the claim.
Let now
There is an open arc in S 1 with one endpoint at v such that for each u in this arc, the line l u + a 1 intersects the relative interior of B and l u + b 1 intersects the relative interior of A, the latter at b 1 , say.
Let
We shall prove that r 1 = r 2 . Suppose that r 1 = r 2 , i.e, without loss of generality, that r 1 < r 2 . Consider a chord Q = [q, q ] of K, parallel to u and outside the strip bounded by l u + a 1 and l u + b 1 , and close enough to l u +b 1 to ensure that r = V (Q) > r 1 . By our assumption concerning the maximality of B, we can (interchanging K and L, if necessary) assume that q ∈ L \ ∂L and q ∈ A.
By (5), there are common supporting lines l and l to K and L at a 1 and b 1 , respectively, orthogonal to u 1 . Let m be any supporting line to K at b 1 and note that Q lies between l and m , which are either parallel or meet in the half-plane bounded by l u + b 1 not containing a 1 . Since Q is parallel to K ∩ (l u + b 1 ), we have r ≤ r 2 , with equality if and only if q ∈ l and b 1 , q ∈ l = m . However, if q ∈ l, q is a point of L which belongs to a line which supports L and thus it belongs to ∂L, which contradicts the assumption q ∈ L \ ∂L. Therefore r < r 2 .
Since r 1 < r < r 2 , there is a common chord R of K and L of length r, parallel to u, contained in the strip bounded by l u + a 1 and l u + b 1 , and with endpoints on the arcs A and B. The body L has a second chord of length r parallel to u, which, by the observation after (2) above, must be at the same distance from R as Q. By convexity, this second chord must actually be Q. But this is a contradiction, since the endpoint q of Q does not belong to ∂L.
It follows that r 1 = r 2 . Therefore the two endpoints of K ∩(l u +a 1 ) and K ∩(l u +b 1 ) different from a 1 and b 1 are symmetric with respect to (a 1 + b 1 )/2. Let
Suppose, without loss of generality, that v, v 1 and v 2 lie in that counterclockwise order on S 1 . Then we may repeat the above argument for any u contained in the open arc of S 1 bounded by v and v 1 and conclude that B is the reflection in the point (a 1 + b 1 )/2 of a subarc of A with one endpoint at a 1 . Repeating the whole argument with the roles of a 1 and a 2 (and b 1 and b 2 ) reversed, we see that B is also the reflection in the point (a 2 + b 2 )/2 of a subarc of A with one endpoint in a 2 . It is easy to see that this implies that either these subarcs of A are equal to A, or A and B are parallel segments.
Proof of Theorem 1.1. Let K be a planar convex polygon and let L be a planar convex body with g K = g L and K = L + τ , K = −L + τ for each τ ∈ R 2 . Since DK = DL and K is a polygon, DL and hence L must also be polygons. We shall prove that both K and L are centrally symmetric. As observed above, it then follows that K = L, up to translation, a contradiction.
To prove the central symmetry of K and L, let p and q be opposite
Let u ∈ N K (p). By Lemma 3.1 and DK = DL we may assume, after a translation and reflection of L, if necessary, that p and q are also vertices of L, and moreover
We apply Lemma 4.1 with U taken so that the set of unit vectors in N K (p) is a subset of U . If A and B are defined as in the statement of Lemma 4.1, then they are nondegenerate, since if two polygons have a vertex and the normal cone at that vertex in common, then their boundaries must be equal in a neighbourhood of that vertex. It is also not possible for A and B to be parallel line segments, so Lemma 4.1 implies that A is a reflection of B. This yields
It now suffices to show that in any pair of parallel edges of K (or L) the two edges have the same length. Let E = [x 1 , x 2 ] and F = [y 1 , y 2 ] be two such edges of K, where x 1 , x 2 , y 1 , and y 2 are in counterclockwise order in ∂K. According to Remark 3.1, after possibly a translation and a reflection of L, E and F are also edges of L and thus x 1 , x 2 , y 1 , y 2 also vertices of L. Keeping L enceforth fixed in this position it is clear that both x 1 , y 1 and x 2 , y 2 are pairs of opposite vertices (in the sense of the previous paragraph) of K as well as of L. This yields N K (x 1 ) = −N K (y 1 ) = N L (x 1 ) = −N L (y 1 ) and N K (x 2 ) = −N K (y 2 ) = N L (x 2 ) = −N L (y 2 ). Consequently the boundaries of K and L coincide also in a neighbourhood of E and F . Then Lemma 4.1 shows that E must be a reflection of F and so they have the same length. This proves that both K and L are centrally symmetric.
